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We prove that if the BishopPhelps Theorem is correct for a uniform dual
algebra R of operators in a Hilbert space, then the algebra R is selfadjoint.
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Give me a support point
and I’ll move the world.
Archimedes
INTRODUCTION
If S is a subset of a Banach space X, then a nonzero functional . # X*
is a support functional for S and a point x # S is a support point of S if
|.(x)|=supy # S |.( y)|.
In 1958 [5], Victor Klee asked if each closed bounded convex subset of
a Banach space must have a support point.
In 1961, E. Bishop and R. R. Phelps, in their fundamental paper [1],
proved that the set of support functionals for a closed bounded convex sub-
set S of a real Banach space X is norm dense in X*. They also showed that
the same theorem is true if the set S is the unit ball of a complex Banach
space. The natural question of whether this statement is true in a complex
Banach space for any closed bounded convex subset was left open since
then [8]. In 1977 [3] Jean Bourgain proved the remarkable result that the
BishopPhelps Theorem is correct if a complex Banach space X has the
RadonNikodym property.
In [7] we constructed a closed bounded convex subset S in a complex
Banach space such that the set of the support points of S is empty.
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This shows, that in general Banach spaces, the complex version of Klee’s
Conjecture is false. In particular, it means that the BishopPhelps Theorem
cannot be extended to a general complex Banach space.
The constructed counterexample looked very pathological and it was a
hope that the BishopPhelps Theorem is true for the majority of Banach
spaces. Unfortunately, the reality is not so nice. In this note we prove that
if the BishopPhelps Theorem is correct for a uniform dual algebra R of
operators in a Hilbert space, then the algebra R is selfadjoint. In other
words the BishopPhelps Theorem fails for any uniform non-selfadjoint
dual operator algebra.
Let H be a complex Hilbert space. We denote by L(H ) the space of all
bounded operators on the space H and by _1(H ) the class of nuclear
operators on H. The duality tr(NA), N # _1(H ), A # L(H ) identifies the
space L(H ) with the dual space _1(H )*. The corresponding w*-topology
on L(H ) is the so-called ultra-weak topology. A subalgebra R/L(H ) is
selfadjoint if A # R implies A* # R. A subalgebra R/L(H ) is uniform if it
contains the identity operator I and if the spectral radius of any operator
in R coincides with its norm. Such an algebra is always commutative (see
[2, p. 76]). We use the notation ( , ) to describe a scalar product between
a Banach space and its dual.
A closed in the ultra-weak topology subalgebra R of L(H ) is said to be
a dual algebra for the following reason. Let R be the preannihilator of the
algebra R in the space _1(H ), and let *R be the quotient space _1(H )R.
Let ?: _1(H )  *R be the correspondent quotient map. Since R is an ultra-
weakly closed subalgebra of L(H ), it can be identified with the dual space
(*R)*. In this paper the predual space to an operator algebra R always
means the space *R.
Let R be a uniform dual algebra. Consider a subset S of states in the
space *R.
S=[s: &s&1, (s, I)=1]. (1)
It is obvious that S is a closed, convex and bounded subset of *R. If x is
a vector from the space H and &x&=1, then the one-dimensional operator
xx is a state on L(H ) and the element ?(xx) is a state on the space R.
Lemma 1. Consider any operator A # R. Then,
sup
s # S
|(s, A) |=&A&. (2)
Proof. Since R is a uniform algebra, there exists a complex number *
in the spectrum _(A) of the operator A such that |*|=&A&. Since * is a
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boundary point of the spectrum _(A), there exists a sequence [xn]/H
such that &xn&=1 and &A(xn)&*xn&  0 (see [9, p. 5]). This implies that
lim
n  
|(?(xnxn), A) |= lim
n  
|(A(xn), xn) |
= lim
n  
|*| &xn&2=|*|=&A&. K
Lemma 2. Suppose there exists an element s # S and an operator A # R
such that (s, A)=&A&=1. Then,
(S, An) =1, (3)
for any positive integer n.
Proof. Let M be the space of maximal ideals of the algebra R, let C(M)
be the algebra of all continuous functions on M with the sup-norm, and let
A be the Gelfand transform of the operator A. The algebra R is a Banach
subalgebra of the algebra C(M). Let s~ be a norm preserving extension of
the functional s onto the space C(M). By the Riesz theorem there exists a
regular Borel measure d& on M such that the equality
(s, A)=|
M
A d&
holds for any operator A # R. The conditions (1) imply that M d |&|1
and M d&=1. This means that the measure d& is a nonnegative probability
measure on M. This also implies that the function A is the identity function
on the support of the measure d&, which implies (3). K
Theorem 1. Let A be a support functional for the set S and let s be a
corresponding support point. Then, the operator A has an eigenvalue * such
that |*|=&A& and such that the orthoprojection P* onto the corresponding
eigensubspace L* belongs to R.
Proof. Put *=(s, A) . By Lemma 1, we have |*|=&A&{0. Put
U= 1*A. Then (s, U) =1=&U&. Choose any N # _1(H ) such that ?(N)=s.
Then (3) implies that
tr(NUn)=1, (4)
for any positive integer n. Put An= 1n 
n&1
k=0 U
k. It follows from (4) that
tr(NAn)=1, (5)
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for any positive integer n. By the Riesz Ergodic Theorem (see [10]) the
averages An converge strongly to an orthoprojection P* onto the subspace
L* of fixpoints of the operator U. It follows from (5) that tr(NP*)=1, so
P* {0. Then for any vector x # L* we have Ax=*Ux=*x, so the subspace
L* is an eigensubspace for A corresponding to the eigenvalue A. K
A Banach space X has the attainable approximation property (AAP) if
the set of support functionals for any closed bounded convex subset W/X
is norm dense in X*.
Lemma 3. Let R be a dual uniform algebra. If the space *R has AAP
and if an orthoprojection P with the image H1 belongs to the algebra R, then
the restriction R|H1 is a dual uniform algebra on the Hilbert space H1 and its
predual also has AAP.
Proof. Since the subspaces H1=P(H ) and H2=(I&P)(H ) are
invariant under the algebra R, the decomposition H=H1H2 implies the
corresponding decompositions *R=*R1*R2 and R=R1R2 . If A # R
and A=A1A2 , then we have
&A&=max(&A1&, &A2&). (6)
The algebra R1 is a dual space to the space *R1 and R1 is uniform since
it is isometrically isomorphic to the subalgebra R10 of the algebra R. Let
A1 # R1 and let K1 be a closed convex and bounded subset in *R1 . Put
K=K10. Then, the set K is a closed convex and bounded subset of the
space *R. Since the space *R has AAP, then, for any positive =, there exists
an operator V # R which is a support functional for the set K and such that
&V&A10&<=. Put V=V1 V2 . Since for every point x # K we have
(x, V2) =0, the operator V1 attains its maximum modulus on the set K1
and applying (6) we have &V1&A1&&V&A10&<=. K
Let E be an abstract set. Consider a complex-valued function f (:) and
an operator-valued function P(:) defined on E and such that P(:) is an
orthoprojection from R for any index : # E and such that :1 {:2 implies
P(:1) P(:2)=0.
Let A, V be operators in R. Given =>0, a 4-tuple G=(E, V, f (:), P(:))
is said to be an =-approximation of A if &A&V&<= and VP(:)=f (:) P(:)
for any index : # E. The set G of all =-approximations of A can be partially
ordered. Let G1=(E1 , V1 , f1(:), P1(:)) and let G2=(E2 , V2 , f2(:), P2(:)).
We put G1 OG2 if E1 /E2 and the functions f1(:) and P1( :) are restric-
tions of the functions f2(:) and P2(:) onto the set E1 .
Lemma 4. The set G contains a maximal element.
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Proof. Let G; be an ordered chain of =-approximations. Put E=; E; .
We can define functions f (:) and P(:) on E in the following way. If : # E; ,
let us put f (:)= f;(:) and P(:)=P;(:). Let Q be a minimal orthoprojec-
tion in H which majorizes all projections P(:), : # E. It is clear that Q
belongs to the strong closure of the algebra generated by P(:), so Q # R.
We can define an operator V # R by the relations V |P(:)(H )= f (:) P(:),
: # E and V | (I&Q)(H )=(I&Q) A. It is clear that the 4-tuple G=(E, V, f (:),
P(:)) majorizes the chain G; . By Zorn’s lemma, the set G contains a
maximal element. K
Lemma 5. Let G=(E, V, f (:), P(:)) be a maximal element in G. If the
space *R has AAP then the space H is a direct sum of subspaces P(:)(H ).
Proof. Suppose not. Let Q be a maximal orthoprojection in H such
that the orthoprojection I&Q majorizes all projections P(:), : # E. By
Lemma 3, the restriction of the algebra R to the subspace H1=Q(H ) is a
dual uniform subalgebra of L(H1) and its predual has AAP. Then, by
Theorem 1, there exist an operator T # R, an orthoprojection Q1 # R and a
complex number * such that
QT=T, QQ1=Q1 , &T&QA&<=, TQ1=*Q1 .
Let ; be a singleton. We can define an =-approximations G1=(E1 , V1 ,
f1(:), P1(:)) of the operator A in the following way. Put
E1 =E _ ;, f1|E #f, f1(;)=*, P1| E #P, P1(;)=Q1 ,
Q2=Q&Q1 , V1| Q2(H )=A|Q2(H ) , V1|P1(:)(H )= f1(:) P1 (:), : # E1 .
It is clear that G1 oG. This contradiction shows that Q=0 which proves
the lemma. K
Theorem 2. Let R be a dual uniform algebra. If the space *R has AAP,
then the algebra R is selfadjoint.
Proof. Let A # R. Suppose G=(E, V= , f (:), P(:)) is a maximal
=-approximations of A. The conditions V=P(:)= f (:) P(:) imply that
V =*P(:)= f (:) P(:). By Lemma 5, both operators V= and V =* are normal
and the operator V =* belongs to R. Then the operator A* belongs to the
algebra R, since it is a norm limit of operators V =*. K
Remark 1. Given orthoprojection P # R let SP be the norm closure of
convex combinations of elements ?(xx), x # P(H ), &x&=1. It is impor-
tant to mention that in the proof of Theorem 2 we used the AAP property
only for SP subsets of the space *R.
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Remark 2. A natural question arises: Can one do away with the
hypothesis that the algebra be uniform? If the Hilbert space is finite dimen-
sional, then the predual to an operator algebra has AAP automatically; on
the other hand, not all operator algebras in a finite dimensional space are
selfadjoint. This highlights the fact that in a finite dimensional Hilbert
space a uniform algebra is always selfadjoint.
Consider the classical Banach spaces c0 , l1 , and l . It is well known that
l1=c0* and l=l 1*. The space l can be identified with a dual selfadjoint
uniform algebra of operators, which are diagonal with respect to a fixed
orthonormal basis in a separable Hilbert space. Its predual space l1 has the
RadonNikodym property, since it is a dual space [4]. This implies that
the space l1 has AAP [3].
It is natural to ask the following questions:
(1) Does the Banach space L1 have AAP?
(2) Is AAP of a predual space equivalent to selfadjointness for dual
uniform subalgebras of L(H )?
REFERENCES
1. E. Bishop and R. R. Phelps, A proof that every Banach space is subreflexive, Bull. Amer.
Math. Soc. 67 (1961), 9798.
2. F. Bonsall and J. Duncan, Complete normed algebras, in ‘‘Ergeb. Math.,’’ Vol. 80,
Springer-Verlag, New YorkBerlin, 1973.
3. J. Bourgain, On dentability and the BishopPhelps property, Israel J. Math. 28 (1977),
265271.
4. J. Diestel, ‘‘Geometry of Banach Spaces,’’ Springer-Verlag, Berlin.
5. V. Klee, Extremal structures of convex sets, Math. Z. 69 (1958), 98.
6. J. Lindenstrauss, On operators which attain their norm, Israel J. Math. 3 (1963), 139148.
7. V. I. Lomonosov, A counterexample to the BishopPhelps theorem in complex spaces,
Israel J. Math. 115 (2000), 2528.
8. R. R. Phelps, The BishopPhelps theorem in complex spaces: An open problem, in ‘‘Lec-
ture Notes in Pure and Appl. Math.,’’ Vol. 136, pp. 337340, Dekker, New York, 1991.
9. H. Radjavi and P. Rosenthal, ‘‘Invariant Subspaces,’’ Springer-Verlag, New YorkBerlin,
1973.
10. F. Riesz and B. Sz.-Nagy, ‘‘Functional Analysis,’’ Ungar, New York, 1955.
219THE BISHOPPHELPS THEOREM
